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1 Introduction

There is growing interest in issues of inequality in macroeconomics. Politicians have awoken to
the possibility that the policy consensus has not always been felt to benefit all of society, leading
populist politicians to highlight dissatisfaction with the status quo (Rodrick, 2018). Central banks
are also increasingly conscious of the distributional impacts of their policies.'

Popular treatments debate the relative importance of intragenerational (Bristow, 2019) versus
intergenerational (Sternberg, 2019) inequality. However, technical issues often make it difficult
to provide well-founded normative policy recommendations which address these concerns. This
paper seeks to make progress in this area by considering (non-trivial) fiscal policies, including
the evolution of long-term government debt, alongside monetary policy in an environment where
there are meaningful trade-offs between efficiency and equity, both within and across generations.

Specifically, we analyze jointly optimal monetary and fiscal policy in a heterogeneous-agent
New Keynesian (HANK) economy. To achieve this, we build upon the insights of Acharya, Challe,
and Dogra (2023) and Acharya and Dogra (2020), who develop a tractable heterogenous-agent
economy for analyzing optimal monetary policy and monetary policy ‘puzzles’, respectively. We
extend the overlapping-generation model of Acharya et al. (2023) by developing the fiscal side,
which was kept deliberately simple given their primary focus on monetary policy.

Specifically, we introduce long-term government debt financed by distortionary labor income
taxes, and allow it to evolve over time in accordance with optimal policy. The presence of
government debt, coupled with the absence of fiscal transfers to new-born generations, implies
that intergenerational inequality is driven not only by idiosyncratic labor supply shocks but also
by differing levels of accumulated wealth, which optimal policy must address. By assuming that
the disutility of labor supply rises with age, we mimic a desire to save for retirement, which
augments the motive for precautionary savings and leads, in equilibrium, to the government
optimally issuing plausible levels of government debt to facilitate such saving behavior without
sub-optimally suppressing interest rates. The differences in wealth across and within generations
endogenously generate differences in exposure to aggregate shocks, which optimal policy will
account for.

In Acharya et al. (2023), there are two channels through which monetary policy impacts
inequality. First, the extent to which the variance of idiosyncratic risk is pro- or counter-cyclical

allows monetary policy to influence the magnitude of that risk following aggregate shocks — the

'US Fed chairman Jerome Powell (2020) used his Jackson Hole speech to stress the desirability of running the
economy close to maximum employment in order to spread the benefits of economic growth more widely.



‘income-risk’ channel. Second, by lowering interest rates, monetary policy facilitates households’
self-insurance; it becomes cheaper to buy bonds to smooth consumption and easier to borrow
against future income when a relatively loose monetary policy expands the economy, raising
future income against which one can borrow — the ‘self-insurance’ channel. They examine the
cyclicality of consumption risk to explain how monetary policy should respond to shocks. In our
model, distortionary tax rates and the level of debt also impact inequality, and they can be even
more significant.

Distortionary labor taxation mitigates the initial impact of an indiosyncratic income shock
since part of the lost income would have been taxed anyway. However, anticipated future tax rates
also affect the household’s ability to borrow against future post-tax income in order to smooth
consumption — expectations of higher future taxes increase the costs of earning income to repay
any borrowing undertaken to offset a negative idiosyncratic shock. Additionally, distortionary
labor income taxation leads to the usual loss of efficiency by discouraging worker effort.

In our overlapping-generation (OLG) economy, the extent to which the government issues
debt to facilitate household saving — both for retirement and as protection against idiosyncratic
shocks — affects equilibrium real interest rates, both in response to shocks and in the steady
state. While monetary policy only has a transitory impact on real interest rates (for as long
as prices are sticky) and, through that, inequality, debt policy can have a permanent influence
on inequality. As a benchmark, we define a ‘golden rule’ level of steady-state debt that would
align the equilibrium real interest rate with households’ rate of time preference, enabling savings
for retirement and precautionary savings. We explore how optimal policy diverges from this
benchmark.

A policy maker aiming solely to minimize inequality would not issue sufficient debt to ensure
that equilibrium interest rates reached this benchmark. Instead, they would allow interest rates to
lie below households’ rate of time preference, implying that there are insufficient assets to enable
households to save for retirement, let alone accumulate precautionary savings. This will drive a
degree of inter-generational inequality as consumption falls throughout households’ lifetimes. The
policy maker is prepared to allow this intergenerational inequality since, by suppressing interest
rates, the policy maker facilitates household borrowing in the face of negative idiosyncratic shocks,
thereby mitigating intragenerational equity. However, the micro-founded social welfare function
not only exhibits a concern for equity but also for efficiency. Taking account of efficiency leads the
policy maker to issue even less debt, suppressing interest rates further, as issuing debt crowds out

economic activity, especially when taxes are distortionary. Thus, the Ramsey policy maker faces



a trade-off between both inter- and intra-generational equity and efficiency, which leads them to
issue debt but to a lesser extent than needed to facilitate saving for retirement and achieving the
‘golden rule’ interest rate.

We quantify where the balance is struck in these trade-offs and find that Ramsey policy
comes close to achieving the minimum level of inequality — inequality is only 0.001% higher than
its minimal value under the fully-optimal Ramsey policy and 0.007% lower than if the policy
maker only cared for efficiency. This can also be seen in the steady-state levels of debt issued
by the Ramsey policymaker — 54% of GDP — which is only slightly below the level of 58% that
would be chosen by a policymaker seeking to minimize inequality alone. In contrast, caring only
for efficiency would lead to far lower debt levels of 31% of GDP. Therefore, optimal policy is
dominated by a concern for equity.

We then consider the response to aggregate shocks. Again, we examine how fiscal policy
contributes to stabilizing the economy in the face of such shocks. The benchmark ‘divine co-
incidence’ result — where interest rates would be cut in response to a positive technology shock
without generating deflation — only emerges under special circumstances. In our heterogeneous
agent OLG economy featuring phased retirement and idiosyncratic income shocks, these condi-
tions are: (i) no fiscal policy other than (ii) a lump-sum tax financed production subsidy that
ensures the steady-state is efficient, and (iii) the policy maker only cares about efficiency, not
equity. Relaxing these conditions creates a meaningful policy problem. In the absence of fiscal
policy, monetary policy engineers a degree of price level control by following an initial period
of deflation with a period of positive inflation. Seeking to manipulate expectations in this way
is a common feature of Ramsey policy in the New Keynesian model. However, when reducing
inequality becomes part of the policy objective, the monetary policy maker relaxes policy further,
thereby facilitating households’ ability to borrow to offset negative idiosyncratic income shocks.
Introducing fiscal policy and government debt implies a non-trivial distribution of wealth that
impacts the evolution of consumption inequality. Now, the policy mix in response to shocks
relies on the use of distortionary taxation alongside monetary policy to reduce movements in
inflation while simultaneously facilitating households’ ability to smooth consumption in the face
of idiosyncratic shocks.

An interesting element of our modeled economy is that households can hold longer-term gov-
ernment debt, rather than the single period debt often adopted in the literature. Moreover,
optimal policy implies significant variance in the holdings of this debt within and across genera-

tions. This affects the redistributional impacts of shocks, especially when they are autocorrelated



since changes in the entire path of short-term interest rates create capital gains/losses for holders
of these longer-term bonds, a dynamic not present with single-period debt. Under the timelessly
optimal policies we consider, the policy maker commits to not attempt to unexpectedly induce
such redistributions, but when they occur as the result of shocks, the policymaker’s policies will

be affected by the extent to which the redistributions affect the evolution of inequality.
Literature Review:

Our work is related to the large literature on Bewley (1977), Huggett (1993) and Aiyagari
(1994) economies, where households face uninsurable idiosyncratic risk. As already noted, our
approach closely follows that of Acharya and Dogra (2020) and Acharya et al. (2023), utilizing the
assumptions of CARA utility and normally distributed idiosyncratic shocks to enable us to derive
tractable aggregate relationships and a micro-founded measure of social welfare. Specifically, we
extend the framework of Acharya et al. (2023) to allow a meaningful role for fiscal policy, which
turns out to have significant implications for both the steady-state trade-off between equity and
efficiency and the response to shocks.

The broader Heterogeneous Agent New Keynesian (HANK) literature, which combines house-
hold heterogeneity with sticky prices, typically focuses on a positive description of the impact on
monetary policy in such economies (see Violante, Violante and Sargent, 2023) for overviews of
the key insights gained from the literature, and Kaplan and Violante (2018) for a survey of the
HANK literature, more generally). This focus is largely due to the computational complexity
of modeling optimal policy in an environment where the state space is infinite. Recently, there
has been progress in addressing these computational issues, and authors are beginning to explore
normative policy issues, particularly relating to the conduct of monetary policy. For example, see
Bhandari et al. (2021) and Le Grand et al. (2022) for analyses of optimal policy, and McKay and
Wolf (2022) for a characterization of optimal policy rules. Additionally, Nuio and Thomas (2022)
utilize results from continuous-time mathematics to track the wealth distribution over time.

A more common approach in addressing normative issues involves making simplifying assump-
tions to ensure sufficient tractability to facilitate the analysis of optimal policy. For example, it
is common to assume that households cannot borrow and government debt is in zero net supply,
which implies that, in equilibrium, households do not hold any assets — the zero liquidity limat.
This assumption eliminates the ability of households to self-insure through saving and/or bor-
rowing and results in a degenerate wealth distribution, thereby allowing for a tractable analysis

of optimal policy. Examples of this approach applied to conventional monetary policy include



Bilbiie (2008), Bilbiie (2024a), Hansen, Lin, and Mano (2020), and Challe (2020). Auclert (2019)
and Bilbiie (2024b) extend this consideration to fiscal policy.

Our paper adopts a different set of simplifying assumptions, specifically CARA utility and
normally distributed idiosyncratic shocks. This approach implies that the welfare costs of in-
equality are captured by a single variable, which evolves recursively, making the Ramsey policy
problem tractable despite the heterogeneity. The cost in doing so is that the marginal propensity
to consume is common across households, rather than varying with income or wealth. Neverthe-
less, our approach allows for precautionary savings and borrowing in response to idiosyncratic
shocks. Furthermore, we extend Acharya et al. (2023) and the literature imposing a zero liquidity
limit by allowing government debt to be in non-zero supply and determined endogenously. This
implies a non-degenerate wealth distribution, and households within and across generations will
face different wealth revaluation effects in the face of aggregate shocks.?

Our model relies on an OLG structure as in Blanchard (1985) and Yaari (1965) to prevent the
distribution of wealth from becoming non-stationary. Optimal policy in such a framework often
focuses on the modified Golden Rule of capital accumulation, which states that the marginal
product of capital should equal the rate of growth of the population plus the households’ rate of
time preference — see the textbook treatment in Blanchard and Fischer (1989). Escolano (1992)
obtains the same result by considering optimal policy in an OLG economy with endogenous labor
supply and various distortionary taxes. This serves as a useful benchmark in interpreting the

results in our OLG heterogeneous agent economy subject to idiosyncratic risk.
Roadmap:

We begin by outlining the details of our economy in the next section. Section 3 discusses our
measure of social welfare, highlighting the benchmark ‘golden rule’ policy, where the policymaker
issues sufficient government debt to accommodate households’ desire to save for both retirement
and precautionary reasons. The section also defines optimal policy. The extent to which optimal
policy falls short of this benchmark will highlight the nature of the trade-offs facing the Ramsey
policy maker. Section 4 details the calibration, while Section 5 explores the nature of the steady-
state with particular emphasis on the trade-off between equity and efficiency under optimal policy.
Section 6 then examines the optimal policy response to aggregate shocks. We begin by identifying

the conditions under which the ‘divine coincidence’ emerges in our heterogeneous agent economy

2 Acharya et al (2022) use a fiscal transfer at the point of birth, and apply a wealth tax to existing households,
to ensure all households are ex ante identical at time t=0. In a previous version of their paper these assumptions
were relaxed to include revaluation effects.



before considering the more significant trade-offs facing the policy maker when these conditions

do not apply. Section 7 concludes.

2 The Model

Our model follows that of Acharya et al. (2023), which employs Constant Absolute Risk Aversion
(CARA) preferences and normally distributed shocks to individual household labor supply to
develop a tractable heterogeneous agent model for the analysis of monetary policy. The model is
capable of describing both macroeconomic aggregates and measuring social welfare, accounting
for heterogeneity. We undertake the following extensions, which make the modelled economy a
tractable framework for examining jointly optimal monetary and fiscal policies in the presence of
household heterogeneity.

First, we allow for the existence of government debt. This endogenously determines a steady-
state distribution of wealth, affecting the optimal response to shocks and implying an additional
externality absent in models without government debt. Overlapping generations of households
will decide how much to save by purchasing government debt, not internalizing the impact of
these decisions on the equilibrium real interest rate — a feature not present in representative agent
models and absent in the heterogeneous agent model of Acharya et al. (2023) when government
debt is in zero net supply (see Acemoglu, 2008, chapter 9, for a discussion).

Second, in exploring the impact of variation in distortionary tax rates, we do not allow the
policy maker access to lump-sum transfers as a policy instrument to finance the government’s
activities. As a result, raising tax revenues to finance government consumption and service gov-
ernment debt will add to the distortions associated with monopolistic competition. Distortionary
taxation will also impact post-tax inequality generated by idiosyncratic income shocks. Moreover,
we do not employ a subsidy with which to offset the inefficiencies due to monopolistic competition.

Third, we assume that the disutility of supplying labor income decreases with age in or-
der to mimic economic retirement. This approach generates a desire to save in anticipation of
falling incomes, akin to saving for retirement, and ensures our model features a plausible level of
government debt under the Ramsey policy.

Fourth, as we wish to consider the Ramsey policy problem for such an economy, we develop
a measure of social welfare that accounts for both idiosyncratic shocks within generations and
intergenerational inequality driven by the evolution of the wealth distribution over the life cycle.

It also captures how these factors interact and affect the welfare implications of aggregate shocks.



2.1 Households

The economy is populated by cohorts of Blanchard-Yaari households that have constant survival
probability in any period, 0 < 9 < 1, see Blanchard (1985). At any time ¢, an individual 4
who belongs to the generation born at time s < ¢ derives utility from real private consumption
¢; (i) and real government consumption G¢. They also derive disutility from labor supply, 1§ (i),
and, exogenously, disutility rises with age reflecting a desire to retire, ©f = s (¢t —s). This
gradual withdrawal from the labor market will create a desire to save for ‘retirement’ and will
ensure that the government wishes to issue a plausible level of government debt in the Ramsey
steady-state. Crucially, households face uninsurable idiosyncratic shocks to disutility from labour
& (i) ~ N (5_ , O'tz) ; these shocks are independent across time and individuals. The variance of this
shock may vary with economic activity. There is no aggregate risk.

We assume CARA preferences so utility takes form,

Us=E:) (89" (—ieﬂ@?“)ﬂ@) - peé<lf<i>+@f—ss<i>>)

t=s

Households invest in long and short term nominal actuarial bonds A (i) and Af *(i). The
short-term bonds are issued at price ¢;, paying out one unit of currency one period later. While,
following Woodford (2001), the longer-term bonds, issued at price 15tM , pay an initial coupon
of one unit of currency which falls to ¢°, s period’s later. This geometrically declining coupon
is equivalent to a geometric distribution of zero coupon bonds of increasing maturity, such that
the implicit average maturity of the bond in a zero inflation environment is, (1 — o3)~!. Longer
maturity debt matters as, following shocks, the revaluation effects on wealth held in the form
of longer-term bonds through fluctuations in bond prices will be greater, which, in turn, will
affect the impact of that shock on the distribution of wealth — see Leeper and Leith, 2016 for a
discussion. Households receive after tax-wages, (1 — 1) Pawlf (i), where the labor income tax,
levied at rate 7, is the the sole source of government tax revenues in our benchmark model.
We also introduce a lump-sum tax, P,T;, which will used to replace distortionary taxation as a

means of eliminating the effects of tax distortions for expositional purposes only. Each household



receives dividends, P,d;.? Their budget constraint at time ¢ is

Pici (i) + PMALS () + @A (1)

= (14 0PM) AP (3) + A7 ()

+ (]. — Tt) thtlf (’L) + Ptdt — PtTt
Each individual is born with zero bond holdings, Aﬁ’s = .ASS’S = 0 and there is no fiscal transfer
to newborns and/or wealth tax on existing households to ensure ex ante equality between all

households as in Acharya et al. (2023).

Define the ratio of the number of each type of assets to the price level as,

5. AJ,S Z
o =2 e (1)

and introduce a measure of real assets

(1+0PM) al" i) +a ()

A7 ) =

(1 + 7Tt)
Then, we rewrite the budget constraint in real terms,
0, . . . .
R tr1 (0) = A7 (1) + 7 () — ¢ (4) (2)
where net household income is defined as,
y; (1) = nelf (i) +de — T, (3)
the post-tax wage is
ne = (1 — 1) wy,

and we can define the ex ante real interest rate R; as follows,

;;}t =G (14 mq1).
Note that the ex post real rate will differ depending on the proportion of short and long-term bonds
the household possesses in the presence of aggregate ‘shocks’ to the perfect foresight equilibrium
path since additional capital gains/losses are possible on long-term bonds when the path of
interest rates differ from what was expected.

The solution to an individual’s optimization problem can be summarized by the following

Proposition derived in Appendix A.

3For simplicity we assume that dividends are shared equally across households. It would be possible to allow
dividends to vary with household labor supply or the state of the economy as in Achary and Dogra(2020). In our
economy another possibility might be to allow dividends paid to individual households to vary with age, reflecting
rebalancing of portfolios from equities to bonds over the life-cycle.



Proposition 1 (Household’s Optimization) In equilibrium, the optimal date t consumption

and labor supply decisions of a household i born at date s are,

ci (i) = Ct — xGy + pymy (i) (4)
7 (1) = pln(m) — ©F — pv (¢} (4) + xGi) + & (9) (5)

where

m; (i) = Aj (i) — 07 +me (& (3) — &)
is ‘adjusted wealth’, C; is a measure of common consumption, p; is the ‘marginal propensity to
consume (MPC) out of adjusted wealth and ¢ is the after-tax value of the human wealth of an

individual supplying one unit of labor supply. This latter variable is used to value the income lost

to retirement within households and for the population as a whole. These evolve according to

1
— = +(1+ : 6
e Repp (L+pym) (©6)

Y
= e 7
pr=mn + RtsOtJrl, (7)
T Vg Jpe v 2 9 o

C =t 1m(BR) + Copg — —H2 7 o 8
! Ryp1y (BR:) Rypiy1 o Rypig i1 g M1+ %t41 ®

Y
- MtE%SOtJrI + it (ne (plog (1) +€) +di — T + XGr) -

The household’s optimization implies that their consumption equals a measure of consump-
tion, C;, which only depends on aggregate variables, after adjusting for the substitutability be-
tween private and public consumption in utility, xG¢, plus a term that is idiosyncratic, pim; (7).
This final term depends on household i’s ‘adjusted wealth’, m$ (7), which comprises their financial
assets, A7 (i), minus the age-dependent loss of human wealth due to retirement that period, ¢:03,
and the extent to which their labor income varies due to their idiosyncratic shock to labor disu-
tility differing from the population average, n; (ff (1) — 5) Household labor supply then depends
positively on the post-tax real wage, negatively on consumption, with adjustments made for both
age-dependent retirement and idiosyncratic shocks to the disutility of labor supply.

A negative shock to labor supply, & (i) < &, reduces household income and results in a fall

in consumption, where ggggg = e = pe (1 —7¢) wy. This fall will be greater the higher the
t

marginal propensity to consume out of adjusted wealth, p;, and the greater the post-tax real

wage. Households are therefore more insulated from the direct impact of the shock the higher the

tax rate. As a result of the fall in consumption, they will work harder, where gg((?) =1—ypum =
t

1 —ypus (1 — 1) wy < 1. Again, a lower marginal propensity to consume and a higher tax rate



will reduce the household’s desire to maintain consumption by working harder in the period of
the shock. Aside from working harder, the household can also maintain consumption through
borrowing. Its ability to do so is implicit in the marginal propensity to consume.

We can iterate the marginal propensity to consume out of adjusted wealth forwards to obtain,

o -1

Mt Z 97 (1 + py (1 = Teys) Weis)
AU [T;11 Resjr

This formula is the same as Acharya et al. (2023), except it incorporates the future post-tax real

wage rate. It indicates that the propensity to consume increases with interest rates but decreases
with future post-tax wages. Therefore, after experiencing a negative idiosyncratic shock to labor
supply, which reduces their adjusted wealth, m; (i), households can maintain consumption closer
to C; when the marginal propensity to consume is low. This occurs when interest rates are low,
making borrowing to smooth consumption less costly, or when post-tax wages are expected to be
higher in the future, making it less expensive to repay any borrowing. Additionally, the presence
of the tax rate implies that a lower tax rate makes it less costly (in utility terms) to increase future
labor supply to pay off any debt incurred to smooth consumption. Thus, future distortionary
taxation inhibits self-insurance, although high tax rates at the time of the shock mitigate its
direct impact, as part of the lost income would have been taxed anyway.

Meanwhile, the component of household consumption driven by aggregate variables, C;, can

be iterated forwards to obtain,

1 o put Vit
C = - Z Qt+s,tﬁ In(BRi+s) — 5 Z QirsthiiysWiy (1 — Ters)’of
s=0 s s=0

o0 o0
+ Z Qtrs,tYrrs — ht Z Qt+s,tPt+s-
s=0 s=1

The first term has the same interpretation as in Acharya and Dogra (2020), capturing the impact
of variations in interest rates relative to the impatience of households. If interest rates are
typically higher than the rate of time preference, current consumption will be lower as households

increase savings and cut current consumption. The discount factor, Q45+ = , accounts

Hf-;? Ritj
for both the interest rate on financial assets and the probability of death, 1 — . The second
term is attributable to precautionary savings. A higher variance of idiosyncratic shocks, af+s,
increases the variance of post-tax income, w?, (1 —7.45)%07, , which, after applying the marginal
propensity to consume, captures the variance in consumption across households, p? +swt2+5(1 —

Tt+s)20'?+s. The third term represents the discounted value of per capita post-tax income from

10



labor, dividends, and transfers, after adjusting for the utility generated by public consumption,
Y, = (17,5 (p log (m¢) + 5_) +dy — T} + XGt) . Lastly, the equation includes the discounted value of
the income lost due to the gradual retirement of the population throughout their working lives.
Taxation affects this measure of aggregate consumption through its impact on the marginal
propensity to consume, as discussed above, positively by reducing the variance of post-tax income
but negatively by reducing the level of post-tax income and, therefore, the discounted value of
that income.

It follows that net income (3) can be written as

yi (3) = ne (plog (ne) + & (4)) — me©F — pyxmeGy — pymecs (i) + dy — T (9)

Aggregation is detailed in Appendix B, where aggregation of the household budget constraint

yields,
9
ﬁAt—l—l = VA +y — c, (10)
t
with,
(1 + thM> al +af
At = )

1 —+ Tt
and af is an aggregation of long term (J = L) and short term (J = S) bonds.
Straightforward aggregation of income (9) yields,

0
ye = (plog (me) + &) — @nt — pynexGe — pynece + dy — T,

and aggregation of (4),

1_19%01‘,

This latter expression indicates that per capita consumption equals the consumption measure, Cy,

CtZCt—XGt+Mt19<At— * >

driving individual household consumption in (4), after adjusting for the substitutability between
private and public consumption, yG}, and the extent to which, in aggregate, households have
successfully saved for retirement. A; > %5 implies that household financial wealth exceeds the
loss of human wealth due to retirement across the population.

Aggregated first order conditions for the individuals’ problem yield the following relationships,

derived in Appendix C.

Proposition 2 (Aggregated Households’ Optimization) In equilibrium, the optimal date t

11



aggregate total consumption and labor supply decisions are,

1
7 =—7 log (BR:) + i1 + pre1 (1 — 0) Appr — g#?+177t2+10t2+1 — M1t (11)
PY40) _
nt:PIOg"?t—m‘i‘f_P’Yxta (12)
xr = ¢t + xGh, (13)
P
Ci=x — 9 | Ay — — . 14
t = Tt — Mt (t (1_19)%015) ( )

The dynamics of z; resemble that of consumption in a representative agent model, but with
notable differences. Typically, consumption is expected to grow whenever the interest rate exceed
the rate of time preference, SR; > 1. In other words, consumption jumps down when interest
rates unexpectedly rise, as the discounted value of future post-tax income across the economy
falls. Consumption then recovers as interest rates return to normal levels. However, there is an
additional term, pg+1 (1 —9) A¢q1, attributable to the aggregation across finitely-lived genera-
tions. This term would not exist if households were infinitely lived and ¥ = 1. Instead, finite lives
imply that government debt (which is mapped to households assets as B; = 9 A;) are net assets
for households. Households currently alive do not expect to pay for all the surpluses backing gov-
ernment debt, implying that any increase in those assets increases consumption. As above, the
term 34?77, 07, measures the variance of consumption across households due to idiosyncratic
shocks, providing a motive for precautionary saving, which in turn reduces current consumption.
Finally, consumption is reduced by the ongoing loss of post-tax income due to retirement.

It is helpful to consider the steady-state of this relationship to see how these additional factors
influence interest rates,

~log (3R) = (1= 9) (A = 250) = Lot
In the absence of idiosyncratic risk or finite lives, the steady-state interest rate in a representative
agent economy would be consistent with household preferences, SR = 1. However, the desire
for precautionary savings drive down the steady-state interest rate relative to these preferences,
while the accumulation of assets beyond what is needed to fund retirement in an OLG economy,
A > %5, raises interest rates. If the government could provide sufficient assets for households to
satiate their desire for precautionary savings and their need to smooth consumption in retirement,

then the steady-state interest rate would equal the households rate of time preference, provided,

x 1 9 9 9
B—1—g¢ =gy g1 (15)

This ‘golden rule’ benchmark becomes relevant when considering Ramsey policy below.

12



2.2 Firms

There is a continuum of monopolistically competitive firms. Each firm produces a differentiated

product according to the production technology,

Yv"«(]) = Zhy (])7

where z; is the level of aggregate productivity.

(16)

They face a cost of price adjustment a la Rotemberg (1982). In the absence of aggregate risk,

firm j solves the following optimization problem

g ((BG)y oy ) -2 (PG Y
R & << w0 - ) =5 (755-1) Yt)

subject to monopolistic demand for its product,

and production function (16).

The profit optimization yields (see Appendix D) the following nonlinear Phillips curve,

Yi1

L+ B (14 mg) v
f

].—Et—f‘éftM

7Tt(1+7Tt): P z

and any profit is distributed as a dividend,

P
dt = (th — wtnt) — Eﬂ'gn

2.3 Government

The government issues nominal long term and short term bonds, for which the maturity matches

that of the actuarial bonds used by households. The government budget constraint in nominal

terms is

PMB + QtBZgH = (1+ QPtM) BF + B} + PGy — i Pawiny — BT,

where PM is price of long-term bonds, and ¢; is price of short term bonds. As noted above, the

lump sum taxes, P,1}, are generally set to zero and only used as a replacement for distortionary

tax revenues, 73 Pywsng, when we wish to remove the impact of distortionary taxation on optimal

policy.

This can be re-written in real terms,
(1 + m41) ¢t Bey1 = B + Gy — iweny — T
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where
1+ oPM) by +1b7)

_
By = (1+7Tt)

and

2.4 Financial Intermediaries

Financial intermediaries trade actuarial and government bonds. The real profit of intermediaries

is the difference between total bonds and total amount of actuarial bonds in the economy in ¢t +1,
= (1+oPY)) bfsy + b7 — (1 + thj\f1) Yayy — Vap, 1, (19)

where b/,; are total government bonds and Yaj ; are total actuarial bonds at time ¢ + 1, i.e.

daf, = (1 —9) S ot [Lals (i) di.

S§=—00
The intermediaries maximize (19) subject to the constraint,

—PMaf, — Gafyy + PMbfyy + aibfy <0. (20)

and the optimization yields

1 <1 + thj\ﬂ)

@ B 21
G = Vqt, (22)
l —_ (1+QPt]\le) (23)
qt PM ’

such that the intermediaries’ profits are zero and the ex ante returns on short and long-bonds are

equalized. It is important to note, however, that this does not imply that the ex post real interest

rates will be equalized in the presence of one-off shocks to the perfect foresight equilibrium path.
We denote the short-term nominal interest rate as,

1 —
1+i,

and the real interest rate is,

P S U T
! G +mr1) g +mer)  1+m
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2.5 Market Clearing

We use households’ budget constraints (10), the government’s budget constraint (18), profits of
financial intermediaries (19), aggregate income (3) and the profits of monopolistic firms (17) to

obtain the resource constraint,

P
Yi=c+ G+ 5%?)@ (24)
Finally, using (19) we can rewrite consumption decision (14) in terms of aggregate debt,
Ve
Ct = ¢t + XGr — ue (Bt_ 1_19%) : (25)

2.6 Private Sector Equilibrium

The dynamic system which determines private sector equilibrium {x;, Yy, 7y, m¢, we, By, PM | Ry, g, o1, 02}

given policy {i¢, G, Ty, 7} and deterministic disturbances z; and €; can be written as follows,

1 (1—-9 ¥
Ty = Y log (BRy) + T441 + 9 )#t+1Bt+1 - §“§+177t2+10t2+1 = FHt1Pt+ 1 (26)
L—er+et Y,
T (14 m) = —————2t 4 By (1 + Ty1) —a, (27)
¢ Y;
L 1+ pym) (28)
e Repgia P
(1 + m41) ¢t Bry1 = B + Gt — mpweng — 1, (29)
Y; _ )
2t )1 A
S, = Plogme+ &= g — pya, (30)
ne = (1—m)w, (31)
()
Vi=z+(1—x)G + 5w§Yt, (32)
1+ oPM
PMR, = M’ (33)
(14 m41)
1+
Ry=—— " 34
T + M1 (34
0
or =+ TRAARE (35)
t
of = o exp (26 (V; - Y)), (36)

where in the last equation, following Acharya and Dogra (2020), we assume that risk is procyclical

if ¢ > 0 and countercyclical if ¢ < 0.
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3 Social Welfare Function and Optimal Policy
3.1 Social Welfare Objective

We define the social welfare function at time ¢ = 0 as,

0 1 0 1
W0:(1§)<Z 19—8/ Wﬁ’(i)diJrZ,Bs/ W;’(z’)di>, (37)
s§=—00 0 s=1 0

where the first term represents the utility of generations that are alive at time zero. The currently
living generations are treated equally after accounting for their relative size. The second term

represents the utility of unborn generations (s > 0), and the utility of each such generation is

discounted with weight 5°. Appendix F shows that this welfare measure can be written as follows,

Wo=>_ B,
=0

where

1
U; = 5 (14 vpne) e 7Sy,

and S; satisfies the recursion,
Si = (9e73Wis g +1 - ) Wiearudnior, (38)

Here,
Wi = <Bt - W@t) (39)
(1-0)

measures the extent to which society has succeeded in financing its retirement. It extends the form
of the welfare function considered in Acharya et al. (2023) by accounting for intergenerational
inequality as well as the distribution of consumption driven by idiosyncratic shocks. The first
part of the social welfare function captures the utility generated by per capita levels of private and
public consumption, less the disutility of labor supply. The second element adjusts that measure
for the welfare effects of inequality, driven by both idiosyncratic shocks and the distribution of
consumption and labor supply across generations due to the endogenous accumulation of assets
and age-related withdrawal from the labor market.

To gain intuition for these effects, it is helpful to consider the steady state of the measure of
the social costs of inequality, S;. In the steady state, the expression becomes,

2,22 2

(1 —9) W ez wino

a-9)

S = .
1— e 77 Wear?uino?
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Taking the partial derivative of this measure of inequality with respect to W yields,
oS

o = S(l—Se‘V%).

The choice of W that would minimize steady-state inequality, treating ;>n? as given, would be,

W= % <1f,ﬁ> yto’.
This would not eliminate inequality but would facilitate a degree of self-insurance by providing
assets for households to undertake both precautionary savings and retirement savings. Recall that
interest rates are consistent with the household’s rate of time preference when this exact condition
holds — see equation (15). Therefore, this level of debt is also the one that ensures the steady-state
equilibrium real interest rate equals the households’ rate of time preference, R = 5~!. However,
it is important to note that this will not be consistent with the Ramsey optimum since the
Ramsey policymaker will also consider the endogeneity of ;?1n? and be concerned with efficiency
as well as equity. Increasing W increases the marginal propensity to consume, which reduces the
ability of households to borrow against future income in the face of negative idiosyncratic shocks.
Therefore, in steady-state, even a policymaker concerned only with inequality might not issue
this level of debt as it reduces households’ ability to respond to idiosyncratic shocks. We will see
below that the Ramsey policymaker delivers a level of debt that falls short of ensuring R = 371,
even if their objective were solely to minimize inequality. Raising W also results in higher taxes
to sustain the higher debt level. Since taxation is distortionary, the policy maker would then wish
to reduce debt further if they also had a concern for efficiency. We explore these trade-offs in the
next section.

We can also consider special cases to gain further insight. If there were no idiosyncratic
shocks, but there was potential intergenerational inequality due to age-related retirement, then
this would imply steady-state inequality of:

(1—09)eV

a-9) ’

(1—ve 73 ")

S =

(40)

and we could eliminate inequality if W = 0, so that B = (119_7”19)@. In other words, by issuing
sufficient debt to absorb the desire to save for retirement and ensuring interest rates are the
same as the households’ rate of time preference, the policymaker can eliminate steady-state
intergenerational inequality. Households would save by buying government bonds to ensure they
had sufficient assets to maintain consumption even as their income falls due to retirement. This

would achieve consumption equality across generations.
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If, however, we reintroduce idiosyncratic shocks while the policy maker balanced the steady-
state level of debt with the discounted value of the income lost through phased retirement, such
that W = 0, then the inequality measure would reduce to:

(1 _ 19) e%,y2u2,,720.2

S =
1 —196%72“277202 ’

(41)

so that when o2 > 0, then S > 1 due to the costs of idiosyncratic shocks considered by Acharya
and Dogra (2020). This situation would imply that R < 7! as households still have an additional
motive to undertake precautionary savings, beyond saving for retirement. In the absence of
sufficient assets to fulfill that desire, interest rates will lie below the households’ rate of time
preference. We shall explore where the Ramsey policy maker chooses to set the steady-state level

of debt in light of these trade-offs in the next section.

3.2 Optimal Policy

The policymaker seeks to maximize

55 (=2 (o) S exp (9a)) (42)

t=0
subject to the system describing the private sector equilibrium (26)-(36), the recursion of inequal-
ity measure (38), and the definition (39).

In the policy objective (42), we can set the parameter £ to either zero or one. When it is one,
the policymaker cares about both equity and efficiency, consistent with the micro-founded social
welfare function derived above. When £ is zero, the policymaker is concerned only with efficiency,
not equity. We shall also consider another scenario in which the policy maker cares only about

equity and aims to minimize
[e.e]
> BS:. (43)
t=0

We assume that the policymaker has access to a commitment technology, and all first order

conditions are presented in Appendix G.

4 Calibration

The model is calibrated to a quarterly frequency for the US economy. Most parameter calibrations
are standard and generally follow those in Acharya et al. (2023). We calibrate the household

discount rate to § = (1.02)_1/4, aligning it with a real interest rate of 2% per annum, which is
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the average in the US over the Great Moderation period (1984-2021). The coefficient of relative
risk aversion is set to 7 = 2, based on evidence in Hall (1988), Campbell and Mankiw (1989)
and Attanasio and Weber (1993, 1995). The Frisch elasticity of substitution is set at p = 1/2
following empirical evidence in Fagereng et al. (2017) and Christelis et al. (2015).

Fiscal parameters are based on data from the same period. Specifically, the parameter o
is set to match the maturity of government debt to 20 quarters, closely aligning with the 5.4
years observed in the data (IMF, 2016). The parameter G is set to generate a spending share
G/Y = 0.15, as reported in IMF IFS data.® The relative weight on government consumption in
utility, x, is set to 0.05, which is a free parameter chosen to ensure that government expenditure
is not fully wasted. The elasticity of substitution between goods, ¢, is set to 11 based on evidence
in Chari et al. (2000), corresponding to a markup of 10%.

Our model incorporates nominal rigidities following Rotemberg (1982). Most recent papers
in the macroeconomics literature, which calibrate their frameworks for the US economy, assume
that prices change every 10 months (see Klenow and Kryvtsov, 2008, Nakamura and Steinsson,
2008 and Klenow and Malin, 2010). As the Rotemberg (1982) and Calvo (1983) models generate
isomorphic linearized New Keynesian Phillips curves, the equivalent Rotemberg model parameter
is ® = 106.4. The parameter ¢ is set to 2, which normalizes output to one in the special case of
a monetary model with a labor market subsidy that offsets monopolistic distortions. Therefore,
an equilibrium level of output which differs from one measures the extent to which the economy
differs from its efficient level.

We choose the survival rate to be consistent with an average lifespan of 80 years, as reported
by SSA data.’ The declining labor supply efficiency parameter, s, is chosen to be consistent with
20 years of retirement, in line with the US data over the last 50 years.® We follow Guvenen et al.
(2014), who document the standard deviation of the one-year growth rate of log earnings is about
0.5. This yields ¢ = 0.33 for the baseline calibration.

Finally, we calibrate the persistence of deterministic processes for productivity and elasticity
of substitution to be 0.95 and 0.9, respectively. This again follows Acharya et al. (2023), who
adopt the empirical estimates of Bayer, Born, and Luetticke (2024).

4The relevant data series are NGDP_XDC and NCGG_XDC.
’See Period Life Table at www.ssa.gov.
5See https://crr.be.edu/wp-content /uploads/2024/04/ Average-retirement-age 2021-CPS.pdf

19



5 Ramsey Steady State

In general, we need to solve the steady state of the Ramsey policymaker’s problem numerically.
However, there are some interesting special cases which can be solved analytically. The first is
the case where there are no idiosyncratic shocks (02 = 0) and the fiscal policy instrument is a
lump-sum rather than distortionary tax. In this scenario, the steady state of the economy under

the Ramsey plan is described by the following proposition.

Proposition 3 With access to lump-sum tazes as a policy instrument and in the absence of

tdiosyncratic shocks, the Ramsey steady state is given by:

1 e—1 Rn Ve M 1
57 J 77'(' Jw 77 e 7()0 (R_ﬁ)J (1_19)(107 an R—Q

Here, the policymaker would choose to eliminate inequality by issuing sufficient debt to fa-
cilitate households’ saving for retirement, ensuring that consumption is constant in steady-state:
B = %g@. As discussed above, this ensures that the steady-state real interest rate is consistent
with the households’ rate of time preference, R = B~!. Issuing more (or less) debt than this
would drive interest rates above (or below) the households’ rate of time preference, resulting in
consumption rising (or falling) over an individual household’s life, thereby creating undesirable
intergenerational inequality.

If we then maintain the assumption that there are no idiosyncratic shocks (o2 = 0), but the
available fiscal instrument is a distortionary tax on labor income, then the Ramsey policymaker
would only wish to eliminate intergenerational inequality if there is no age-related increase in the

disutility of supplying labor (»r = 0).

Proposition 4 When the available fiscal policy instrument is a distortionary tax on labor income,
then R = % only holds in the Ramsey steady state in the absence of both idiosyncratic shocks

(02 = 0) and retirement (3 =0).

This special case implies that the Ramsey policymaker does not issue debt in the steady state.
With retirement, in order to ensure that interest rates are consistent with the households’ rate
of time preference, the policymaker would need to issue debt, which becomes costly when debt

service costs must be financed through distortionary taxation.
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6 Discussion

6.1 Policy Trade-offs

We begin our numerical analysis by exploring the steady state of the model and the trade-offs
between equity and efficiency faced by the Ramsey policymaker. In the first column of Table 1,
we present the Ramsey steady state of our benchmark economy, which features jointly optimal
monetary and fiscal policy. The fiscal policy instrument is a distortionary labor income tax.
Households are subject to idiosyncratic income shocks and must plan for a gradual withdrawal
from the labor market over their lifetimes. The second column repeats this exercise but removes
fiscal policy (G =0, B =0, and 7 = 0), leaving the Ramsey planner with only monetary policy
as a tool to affect the equilibrium. The third column returns to the benchmark economy but
investigates the steady state that would occur if the Ramsey policy did not prioritize addressing
inequality. The final column considers the opposite extreme, where the policymaker focuses solely
on equity, seeking to minimize > o, 3°S;.

These results are mirrored in Figure 1, which plots the steady-state value of variables given an
equilibrium without inflation (7 = 0) but conditional on a given steady-state debt-to-GDP ratio.
Markers are placed on this line, representing equilibrium outcomes under the Ramsey policy
(star), Ramsey policy concerned only with per capita averages (hollow circle), Ramsey policy
focused solely on inequality (inverted triangle), and the steady state of the model without any
fiscal policy (cross). These markers correspond to columns 1, 3, 4 and 2 of Table 1, respectively.
The figure explores how equilibrium outcomes change as debt policy changes and offers a visual
representation of the extent to which Ramsey policy resolves the trade-off between equity and
efficiency.

The first point to note, when comparing columns (1) and (2) or stars with crosses, is the ability
of fiscal policy to mitigate inequality. Without fiscal policy, individual households’ efforts to save
for both precautionary reasons and retirement drive down the equilibrium real interest rate below
the households’ rate of time preference (R < 57!). Since there are no assets available in aggregate
for households to hold, the desire to save for these two motives forces equilibrium returns on saving
to fall, discouraging saving behavior. As a result, households do not accumulate enough wealth to
maintain consumption in retirement, leading to a gradual decline in consumption as they withdraw
from the labor market. Thus, the high level of inequality observed in the monetary-policy-only
economy is largely the result of significant intergenerational inequality. With the introduction of

fiscal policy, the government issues a substantial amount of debt, facilitating household saving
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Ramsey No fiscal Ramsey policy: Ramsey policy:

policy policy  Efficiency, £ =0 Equity
1) @) () (4)
Net real interest rate, % R 1.995%  1.956% 1.980% 1.998%
per annum
Propensity to consume 0.005038  0.00456 0.005004 0.005045
Per Capita Consump- ¢ 0.836 0.962 0.837 0.835
tion
Output Y 0.984 0.962 0.985 0.983
Inflation rate, % pa T 0% 0% 0% 0%
Tax rate T 0.177 - 0.172 0.178
Debt minus Lost Retiral W -0.0012 -0.0134 -0.0059 -0.0004
Income
: PMpB

Debt to output ratio T 54% — 31% 58%
Inequality S 1.00080  1.00106 1.00087 1.00079

Table 1: Steady State Values in PRANK Economy.

and causing interest rates to rise. This allows households to save more effectively for retirement,
reducing intergenerational inequality. However, the amount of debt issued is insufficient to fully
satisfy households’ desire to save for retirement, even before considering their additional need
for precautionary savings in the face of idiosyncratic shocks. As a result, interest rates do not
reach the households’ rate of time preference but fall slightly short. This shortfall is partly due
to the efficiency-reducing distortions created by the taxes needed to service the debt, implying a
trade-off between equity and efficiency for the Ramsey planner.

The relative position of the markers implies that the trade-off between efficiency and equity
is resolved firmly in favor of equity, as confirmed by comparing the final two columns of Table
1. Given the decline in labor income as households age and the subsequent desire to save in
anticipation of this ‘retirement’, the policymaker concerned with inequality wishes to issue debt
to facilitate saving for retirement and prevent the significant intergenerational inequality that
would emerge if there were insufficient assets to smooth consumption over the life cycle. This
leads to steady-state debt levels of 53% of GDP under Ramsey policy, which falls only slightly
short of the 57% debt ratio that would occur if the policymaker were solely concerned with
inequality. It is interesting to note that even the debt level associated with a desire to minimize
inequality is less than what is needed to drive interest rates to 2%. Since W < 0, they fail to
supply enough assets to support households’ desire to save for both retirement and precautionary

reasons. The policymaker issues slightly less debt than this benchmark level even when focused
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Figure 1: Debt-to-GDP Ratio and Steady-State Outcomes. The solid line is the steady state level
in the HANK model where monetary and fiscal policy jointly set zero inflation and a desired level
of government debt, the latter is shown on a horizontal axis. Special cases of optimal monetary
and fiscal policy — depicted with different markers — will lie on this line, as — for an optimal level
of government debt — all these policies also deliver zero inflation. The zero-inflation outcome in
the monetary model is given as a benchmark.

solely on inequality, as lower interest rates help households smooth consumption in the face of
idiosyncratic shocks. In other words, while the main driver of inequality is earnings over the life
cycle, the additional inequality caused by idiosyncratic shocks leads a policymaker focused solely
on mitigating inequality to pull back slightly from the golden rule level of debt.

In contrast to the case where minimizing inequality is the primary policy objective, a poli-
cymaker concerned with efficiency alone (column 4 and hollow circles) would wish to limit debt
issuance to 31% of GDP—well below the 53% level adopted by the Ramsey policymaker max-
imizing social welfare—in order to lower the output losses due to distortionary taxation. The
policymaker does not go further by lowering debt beyond this, as the fiscal consolidation im-
plied by further debt reduction would be more costly than the steady-state gain from reduced
debt-service costs.

Figure 1 also allows us to explore policies beyond those described in Table 1. As we increase

debt levels from zero, this steadily raises the steady-state real interest rate and the taxes needed

23



to service the debt. This, in turn, leads to the crowding out of private sector consumption as tax
distortions reduce output. However, at the same time, higher debt levels reduce inequality. As
discussed above, this is largely due to the fact that issuing debt provides households with an asset
to hold to finance consumption in retirement, thereby mitigating intergenerational inequality.
Inequality falls until debt levels reach 53% of GDP, at which point, although households still
suffer a loss of consumption in retirement (since R < 7! at this point), the higher interest rate
inhibits households’ ability to smooth consumption in the face of idiosyncratic shocks, thereby
increasing inequality by as much as facilitating retirement savings reduces it. Beyond that point
and until R = B!, more debt increases inequality as households are less able to respond to
idiosyncratic shocks, even though intergenerational inequality continues to decline. When debt
rises enough to imply that R > 87!, the returns to savings are now so high that households save
more than they need for retirement, leading to an increase in individual household consumption
as they age, even although they also withdraw from the labor market over time.

As discussed in Propositions 3-4, the desirability of achieving the golden rule interest rate of
R = 37! depends on the existence of idiosyncratic shocks, the availability of lump-sum taxation,
and the need to save for retirement. Table 2 explores these factors further. The first two columns
consider the case where the policymaker has access to lump-sum taxation, with and without
labor force participation declining with age. The final two columns do the same, but in these, the
fiscal instrument is a distortionary tax rate. The figures in brackets are for the same economy,
but without idiosyncratic shocks (¢2 = 0). We can see that without idiosyncratic risk, the
policymaker issues sufficient debt to ensure R = 87! and eliminate inequality across the first
three columns, but does not do so when saving for retirement becomes relevant. The reason
is that retirement requires a sizeable issuance of debt to avoid household saving driving down
the equilibrium interest rate, but that debt must be serviced through increases in distortionary
taxation, which are costly in terms of efficiency.

When we consider the same variants, but with idiosyncratic risk, the policymaker always fails
to drive interest rates to R = 8~1. In fact, they never issue sufficient debt to allow households
to maintain consumption in retirement, even when taxes are lump-sum. The reason is that there
is a need to suppress interest rates below the households’ rate of time preference. The lower
interest rate then facilitates individual households’ ability to borrow to maintain consumption in
response to negative idiosyncratic shocks. When taxes are distortionary, the costs of issuing debt
are higher still, further inhibiting the debt issuance of the policymaker.

This analysis also lets us to quantify how inequality diminishes social welfare. Since social
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Lump Sum Tax Income Tax
x=0 x>0 x=0 x>0

(1) (2) (3) (4)

Net real interest rate, % p.a. R 1.997%  1.997%  1.998%  1.995%
(2%) (2%) (2%) (1.997%)
Propensity to consume L 0.00462  0.00462 0.00500  0.00503
(0.00462)  (0.00462)  (0.00501)  (0.00504)
Consumption per capita c 0.8985 0.8844 0.8543 0.8356
(0.8985) (0.8844) (0.8542) (0.8355)
Output Y 1.0465 1.0324 1.0023 0.9836
(1.0465) (1.0324) (1.0022) (0.9835)
Inflation rate, % p.a. T 0% 0% 0% 0%
(0%) (0%) (0%) (0%)
Tax rate T - — 0.162 0.177
(-) -) (0.162) (0.178)
Lump Sum Taxes T 0.148 0.162 — —
(0.148) (0.162) (-) (-)
Debt minus Lost Retiral Income W —0.0005 —0.0005 —0.0003 —0.0012
(0.0) (0.0) (0.0) (—0.0010)
Debt to output ratio, PUB _95%  673% —1.6%  54.2%
(0%) (69.8%) (0%) (55.7%)
Inequality S 1.00098  1.00098 1.00081 1.00079

(1.0000) (1.0000) (1.0000)  (1.000002)

Table 2: Steady State Values in PRANK Economy. Corresponding RANK values are in pareth-
neses.

welfare is reduced by the factor S; the extent to which .S > 1 measures how much social welfare
is reduced as a result of inequality conditional on the aggregate per capita values of all other
variables. Thus inequality reduces social welfare by 0.08% under the Ramsey policy which is only
slightly more than when the policy maker cares solely for inequality, 0.079%, but significantly less
than when the policy maker cares only for efficiency, 0.087%. This reflects the relative positions
of policies under different policy maker objectives in Figure 1. For any variable we could consider,
Ramsey policy is closer to a policy which cared only for inequality than one which cared only for

efficiency.

6.2 Dynamic Responses

We now turn to consider the policy response to shocks. Since there is no aggregate risk in our
economy, we are dealing with the perfect foresight equilibrium path in response to a one-off auto-
correlated positive increase in productivity — a positive aggregate productivity shock.” It is well

known that in the standard New Keynesian monetary model without heterogeneity, after ensuring

"We also considered reduction in elasticity of substitution between differentiated goods. These results are
available upon request.
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an efficient steady state, such shocks are subject to the ‘divine coincidence’ (see Blanchard and
Gali, 2007), implying that adjusting interest rates to maintain output at its natural level can be

achieved without generating any inflation. This result does not hold in our heterogeneous agent

MONETARY MODEL: SOLE CONCERN FOR EFFICIENCY
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Figure 2: Dynamic responses to a positive technology shock. Hank I is our heterogeneous agent
economy without fiscal policy, but with a production subsidy to offset monopolistic competition
distortion. Rank I removes phased retirement, s« = 0, and idiosycratic shocks, 02 = 0. Hank II
and Rank II remove the production subsidy. In all scenarios there is no policy concern for equity.

economy. In fact, to return to this familiar result, we need to (i) remove the fiscal elements of
our model (debt, distortionary taxation, and government consumption), (ii) apply a steady-state
subsidy (funded by lump-sum taxation applied to all households) to production to eliminate the
distortion due to monopolistic competition, and (iii) assume that the policymaker cares only
about per capita variables and has no interest in inequality. It is important to note that we still
have a heterogeneous agent economy where household income declines with age, and households
may be hit by idiosyncratic shocks. As a result, households still attempt to save for both retire-
ment and precautionary reasons, reducing interest rates below their rate of time preference. This
situation is described in Figure 2. The black solid line captures the impact of the technology
shock on a heterogeneous agent economy of this kind (Hank I), and the light blue dashed line
represents the same economy but without any heterogeneity (Rank I). Here, we retain the divine

coincidence, and the policymaker reduces interest rates to increase demand in line with supply as
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the positive productivity shocks increases output. This is optimally achieved without generating
any inflation.

Within the HANK T economy, the shock has reduced inequality. There are various drivers
of inequality in the face of this shock, some positive, some negative. First, the income of those
working has risen relative to retirees, worsening intergenerational inequality. Second, the income
of those experiencing a positive idiosyncratic shock has risen relative to those experiencing a
negative idiosyncratic shock, again worsening inequality. Third, the fall in interest rates has
led to an increase in bond prices, benefiting the holders of such assets. In this version of the
economy without fiscal policy, the average steady-state level of assets for each age group is zero,
with a variance of sn?0? where s is the age of the cohort.® That is, as an individual ages
they are cumulatively hit by positive and negative idiosyncratic shocks, which may lead to them
holding positive or negative stocks of assets. Although households wish to accumulate assets
for retirement, the net supply of such assets is zero, implying that equilibrium interest rates are
lower and consumption falls with age. The positive technology shock leads to a increase in bond
prices, which widens the distribution of wealth.? Fourth, the reduction in interest rates reduces the
marginal propensity to consume 4 out of adjusted wealth, m; (i) = A5 (i) —¢:Of +m (& (1) — ).
This effect dominates all the other factors considered above, leading to an overall reduction in
consumption inequality.

The remaining two lines in Figure 2 replicate the shock for the same economies but without
the steady-state production subsidy. The blue dotted line represents Hank II, the heterogenous
agent economy described above but without the subsidy, and the red dot-dash line represents
the same economy with the heterogeneity removed, Rank II. Now, the divine coincidence breaks
down, and the policymaker does not cut interest rates enough to prevent an initial fall in inflation.
As the shock passes, interest rates remain low, leading to a period of inflation rising above target.
This pattern of higher inflation in the future helps reduce the initial deflation through its impact
on inflation expectations in the New Keynesian Phillips Curve (NKPC) and is a standard feature
of policy under commitment in New Keynesian models. Again, the fall in interest rates is less
pronounced in the HANK II economy than in the RANK II economy. Since the reduction in

interest rates is less significant than in the variants where the steady state has been rendered

8See (71)-(72) in Appendix F.

Tt is important to note that since policy is ‘timeless’, the policy maker does not try to engineer favorable
redistributions of wealth through unexpected policy changes. There is a temptation to do so not only when shocks
hit, but in every single period. The policy maker commits not to do so, such that this initial deterioration in the
wealth distribution is taken as given by the policy maker. They will, however, seek to adjust policy to reduce
inequality thereafter, but without initiating any surprises.
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MONETARY MODEL: EQUITY VS EFFICIENCY
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Figure 3: Dynamic responses to a positive technology shock in a Monetary Model. ‘Social welfare’
scenario assumes £ = 1, while £ = 0 in ‘Efficiency only’ scenario. In all scenarios we assume HANK
model with ¢ > 0 and assume declining labour income with s > 0.

efficient through a subsidy, consumption inequality is not reduced by as much, as the reduction
in the marginal propensity to consume is not as great.

Having considered the familiar benchmark of economies which exhibit the divine coincidence,
we move away from this benchmark in Figure 3 by considering an economy without any subsidy
to production and where the policymaker may either care about efficiency only (blue dotted line)
or social welfare (green dash-dotted line). The blue dotted line of Figure 3 is the same as the
blue dotted line of Figure 77 — the heterogenous agent economy without a subsidy and where
the policymaker only cares about efficiency, not equity. In this economy the policy maker fails to
reduce interest rates sufficiently to eliminate the fall in inflation, and inequality falls for the reasons
discussed above. When we extend the policymaker’s remit to include a concern for inequality
in line with the social welfare function, the policymaker cuts interest rates more aggressively,
reducing the marginal propensity to consume and thereby reducing consumption inequality. This
actually raises inflation initially in the face of a positive technology shock, whereas before inflation
fell.

Turning to Fig 4, we reintroduce fiscal policy, again considering two different policy objective

— social welfare (light blue dashed line) and efficiency only (black line). Fiscal policy can affect
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households’ ability to respond to shocks in various ways: (i) taxation reduces the variance in
post-tax income relative to pre-tax income, and (ii) current and expected future taxation also
impacts the post-tax earnings households have to borrow against to maintain consumption in the
face of shocks. Taxes also discourage worker effort, which can affect inflation through variations

in marginal costs. Additionally, government debt provides a vehicle for households to save for

MONETARY-FISCAL MODEL: EQUITY VS EFFICIENCY
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Figure 4: Dynamic responses to a positive technology shock in a Monetary-Fiscal Model. ‘Social

welfare’ scenario assumes £ = 1, while £ = 0 in ‘Efficiency only’ scenario. In all scenarios we
assume HANK model with ¢ > 0 and assume declining labour income with s > 0.

retirement and influences real interest rates, which again affects their ability to borrow in the
face of negative idiosyncratic shocks. We have already seen that these impacts lead to lower

consumption inequality in the steady state in the presence of fiscal polic articularly when
b q y y b p Y, P y
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inequality is an element of social welfare. We now consider how having access to fiscal policy
changes the policy response to shocks.

The steady-state holdings of assets across age cohorts are quite different in an economy with
optimal fiscal policy. Asset holdings (and their variance) rise with age in all cases, and the mean
level of assets for a given age is greatest when the policymaker cares about social welfare and
lowest when they care about efficiency only, see formulas (71)-(72) in Appendix F. This is because
the Ramsey policymaker issues debt to help households save for retirement, although not enough
for steady-state interest rates to rise to the golden rule level. As a result, the initial distribution
of wealth is significantly impacted by the rise in bond prices caused by the fall in interest rates,
which worsens the initial jump in consumption inequality, especially when policy cares about
equity as well as efficiency (since initial asset holdings are larger in this case). It is important
to stress that under our timelessly optimal policy, policymakers take these revaluation effects as
given and commit to not introduce policy surprises in an attempt to engineer revaluations that
are favorable to reducing consumption inequality. As a result, we see a jump in inequality, which
is greatest when the policymaker’s objective is to maximize social welfare, including a desire to
mitigate inequality.

The main difference relative to the monetary economy is that the two policies (monetary
and fiscal) work together to mitigate inflation and enhance the households’ ability to insulate
themselves from idiosyncratic shocks. Therefore interest rates and taxation are cut on impact,
allowing output to rise in the initial period, and, when the policy objective is to maximize social
welfare, almost fully in line with the productivity shock. This is achieved with more deflation than
previously, but with a larger decline in the marginal propensity to consume. This is achievable
since cutting tax rates reduces marginal costs and leads to falling prices. Therefore a combined
tax and interest rate cut can significantly reduce the marginal propensity to consume, p;, allowing
households to respond to idiosyncratic shocks by more than before, but this no longer leads to a
rise in inflation. Beyond the initial period, monetary policy is essentially the same whether or not
the policymaker has a concern for equity. However, fiscal policy remains different across these
two scenarios, reflecting its impact on inequality. In the case of a concern for equity as well as
efficiency, the large initial tax cut is followed by a modest tax increase for a period, which serves
to slow the rise in the government debt (although at a higher level than would be chosen by an
efficiency-minded policymaker). Thereafter, taxes are slightly lower in the social welfare case, as

a lower tax rate enhances households’ ability to respond to negative idiosyncratic shocks.!”

Y Throughout these simulations we assumed that the variance of idiosyncratic shocks was pro-cyclical. However,
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7 Conclusions

Given the growing interest in the distributional consequences of macroeconomic policy, we an-
alyzed a tractable heterogeneous agent OLG economy where households wish to save both for
retirement and to insulate themselves from idiosyncratic shocks. Within this economy, we have a
well-articulated fiscal policy featuring long-term debt and distortionary taxation as fiscal instru-
ments. This environment allows us to explore the trade-offs between efficiency and equity, both
within and across generations, highlighting a number of interesting benchmarks.

We find that, in the steady state, the policymaker weighs inequality concerns heavily, imply-
ing that the Ramsey policymaker achieves outcomes much closer to those that would be achieved
by a policymaker focused solely on equity, rather than the efficiency concerns implicit in repre-
sentative agent economies. There are two dimensions to the policymaker’s concern with equity:
intergenerational equity, driven by the households’ gradual withdrawal from the labor market,
and intragenerational equity, driven by the idiosyncratic shocks affecting households. Intergen-
erational equity requires the policymaker to correct the externality in savings behavior implicit
in our OLG economy — households wish to save for retirement but do not internalize the impact
their savings behavior has on the real interest rate. In the absence of fiscal policy, this would drive
interest rates below the households’ rate of time preference and imply a decline in consumption
as households enter their (phased) retirement. To counteract this, the policymaker issues debt,
raising interest rates closer to the households’ rate of time preference. If the policymaker were to
achieve the ‘golden rule’ level, debt levels would ensure R = 37! and, absent idiosyncratic shocks,
households would save sufficient assets to maintain constant consumption throughout their lives,
thereby eliminating intergenerational inequality. However, even when concerned solely with eq-
uity, the policymaker falls short of this benchmark because raising interest rates through higher
debt exacerbates the other dimension of inequality — intragenerational inequality. Specifically,
higher interest rates make it more expensive for households to borrow to smooth consumption
in the face of negative idiosyncratic shocks. Thus, this second element of inequality leads the
policymaker to issue debt at levels that ensure R < 87!, implying that households do not have
access to sufficient assets to maintain consumption throughout their lives.

When we consider that policy also cares about efficiency, there is an additional reason to
reduce debt due to the costs of servicing that debt when taxes are distortionary. However, this

motivation only reduces the debt-to-GDP ratio from 58% to 53%, as inequality remains the

this did not have a material impact on the results, Results assuming acylical or counter-cyclical variance are
available upon request.
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primary concern of the policy maker. (If the policy maker was concerned with efficiency only,
they would reduce debt much more, to 31% of GDP.)

Turning to the optimal policy response to shocks, an obvious benchmark is the ‘divine co-
incidence’ of Blanchard and Gali (2007), where policy optimally responds to variations in the
natural level of output without generating any inflation. Our heterogeneous agent OLG economy
only supports this result under very special circumstances, beyond the usual requirement that
steady-state output is efficient. These include the absence of fiscal policy and a lack of concern
for equity on the part of the policymaker. Reintroducing these concerns, we find that optimal
monetary policy would relax interest rates more in response to positive technology shocks, as this
helps households protect themselves from idiosyncratic shocks. When considering fiscal policy,
this implies higher steady-state levels and greater dispersion of assets across households. As a
result, shocks have a larger impact on the initial distribution of wealth due to inflation and bond
price revaluation effects. In terms of the policy response to shocks, the burden of loosening policy
is now shared between monetary policy and fiscal policy, in the form of tax cuts. Tax cuts are
particularly effective as they offset the rise in inflation which would be caused by interest rate
cuts alone, while both policies facilitate household borrowing in the face of negative idiosyncratic
shocks.
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Online Appendix to:

Equity versus Efficiency: Optimal Monetary and
Fiscal Policy in a HANK Economy

by

Vasileios Karaferis, Tatiana Kirsanova, and Campbell Leith

A Proof of Proposition 1

Proof. We form the following Lagrangian
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The Euler equation, using normality of consumption distribution, can also be written as
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To obtain expressions for expectation and variance of consumption, we undertake the following

three steps. First, substitute labour supply into the budget constraint,
. Ry .
i1 (1) = o (Af (1) + X¢ — mOf +m (&s g) (1 + pyme) g (i )) (45)

where we denote
Xy =n (plogm + & — pyxGy) + di —

Second, assume that individual consumption can be parameterized as

¢ (i) = X+ pue (A7 (0) + e (& (1) — &) — @u©f) (46)

and lead one period,
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where in the second line we used the budget constraint, parameterization (46) and the fact that
Oj 1 =x(t+1—5)=sx(t—s)+x=06]+x
Finally, we obtain expressions for the expectation and variance terms. Since ¢j ; (i) is nor-
mally distributed by 4, its mean and variance are determined as follows,
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(note that E;&; , (1) = &, but B;& (i) = & (¢) and V;&§ 4 (i) = 07,4, but V& (1) = 0).
We now take these expressions and the parameterization (46) and substitute them into the
consumption Euler equation (44) to find coefficients X, py and ;. Substitution into the Euler

equation yields,
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Collecting coefficients on independent states, 1, A7 (i),& (i), ©7, yields three independent equa-

tions on Mty Kt and Xt,
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Provided that pu; # 0 the dynamic equation on evolution of the marginal propensity to

consume out of adjusted wealth can be expressed as,

1 0
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the equation for ¢, the human wealth associated with unit of labor supply, becomes
9
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t

and the evolution of the measure of aggregate consumption A; is,
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Introducing a new variable,
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B Aggregation

Define aggregate consumption, income and labor as,
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and aggregate actuarial bonds, J = {S, L},
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so that aggregation of lost retirement hours across the whole population yields

t

(1-9) 19“/ Qidi = (1—1) Zﬁ”/lx(t—s)di

S§=—00 S=—00 0

—9) Y 9T (t—s)

S§=—00

Aggregation of the household budget constraint (2) yields,
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C Proof of Proposition 2.

Proof. We start with the derived relationship,
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So we can parameterize
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Labor supply (5) is straightforwardly aggregated as,
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D Derivation of Phillips Curve

Firm j solves the following optimization problem
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and its production function
Yi (5) = zene (4)

Substitute these constraints into the definition of profits to create an unconstrained problem,
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Consider a symmetrical equilibrium where P; (j) = P; and we obtain the New Keynesian Phillips

curve,
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The profits of firms are distributed as dividends,
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E Financial Intermediaries

Financial intermediaries trade actuarial and government bonds. At time ¢ they buy short and
long-term actuarial bonds and pay with short and long term government bonds, so the budget

constraint of intermediaries is

—PMafy — Gy, + PMol . + aidf <0, (54)

where a,; = (1—-9) >0 0'~* 01 atJfl (1) di.

S§=—00

Their profit one period later is, therefore
= (14 0P1) bfyy +biiy — (1 + thj\f1> dafyy — Vapy
where b/, ; are total government bonds at time ¢ + 1, and Ja,; are total actuarial bonds at time

t+1, i dal,, = (1—9) X wrts [Lals (i) di

S§=—00

The Lagrangian is
= (1+0PM) bfy + b2t — (1 + thj\f1> dafyy — Dags

+ At <—]5tMatL+1 - ‘ftatsﬂ + PthtL+1 + thts+1>
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and the first order conditions are,

0
—— (14 0PM)) + MPM
0
— 1+ )\tqt
a5,
0 . -
YA = <1+0Pt]_\£1)79—)\tPtM
dayy
0 -
5 U= AG
day,
From where we have,
1 (1 + 915%1) (55)
G PM
G =g (56)
1 1+ oPM
L ( QMt+1) (57)
qt Pt
and the profit is zero,
I = (14 0PY)) bfsy + by — Ve — 0 (1 + th%) afi (58)
1 ) N
= % (PthtLJrl + q?fthJrl - Qtafﬂ - PtMatLJrl) =0
and
0 1

G (1 +mp1) g (14 mq1)

F Social Welfare Function

F.1 Aggregation of Welfare
Recall that
1§ (i) = plogn: — ©F — py (¢} (i) + XGr) + & (i)
c; (1) = Ce — XGy + pemy (i)
my (i) = A (i) +m (& (0) — €) — 1O}
so the (remaining at p) life-time utility of an agent born at s at time p > s can be written as

(after substituting labor supply)

o0

Wi (i) =>_(B9)PU; (i) (60)

t=p
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where

U (i) = _ie_v(c;(i)ﬂct) — pes(D+01= ()
= LG _ e blelostm)—p (e () +xG)
5
_ _Leimen _  ro+xcn
Y

1 (14 ypm) eV O+xXG)
Y

— _l (1 + 'VPnt) e—’Y(Ct-Hitmf(i))
v

The social welfare function at time ¢ = 0 is defined as

Wop = (1 -1 01975 1Ws'd' oolﬂles'd' 61
o=(1-0) 3 /0 o<z>z+;<—>ﬁ/o * (i) di (61)

S§=—00
where the first term is utility of generations that are alive at time zero. The second term is utility
of unborn generations, with s > 0, each such generation is treated with weight 5° to ensure the
social welfare function is time-consistent.

We can rewrite the welfare function in a more convenient way as follows. Denote

1 1 »
U = —— (1 +’Ym7t)/ e (Cotmi@) g
v 0

as the t-period utility of a cohort born at time s.
Then

Wo

=0~ UG + 90Uy + 90U % +

+ B (U + Uy + Uy + ) +
+ B (U + 99U+ U+ U +

o] 00 00 t
_ Z/Bt Z,ﬁsuf—s _ Z Bt Z ﬁt—vutv
t=0 s=0 t=0 V=—00

where in the last line we used new index v = ¢ — s.

Recycling notation, we get

0 t 1
Wo=—— > B (1 +ypm) e ((1 —9) Y ﬁts/ e'y“tmf(i)di> (62)
0

v t=0

S=—00

[ee] t 1
1 o(;
Wo = 7} B (L ypm) e ((1 —9) Y 9 / e THmi (%') (63)
t=0

S§=—00 0
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Denote .

1 .
Si=(1-9) > 9 / e~ YHemi(D) g
0

S§=—00

so that -
Wo=>_ BT,
t=0

where

1
U; = —; (14 ypme) e 0y,

Here (1 4 vpn;) e~ 7%t only depends on aggregate variables, so will be the same for a represen-
tative agent. X, = (1 —9) L 9t fol e~ () dj captures the welfare cost of inequality. It

is increasing in the within and across cohort dispersion of consumption.

F.2 Recursion

We now derive the 3; recursion, which underpins the recursive evolution of inequality, S;.

t

1 .
Be=(-9) Y 0t [
0

t—1 1 A 1 '
=(1-9) Z 7975—5/ e Mm@ i 4 (1 — 19)/ e~ YHmi (i) g
s§=—00 0 0

t—1 1 ;
=(1-9) Z gt—sewm(t—S)%/ o 1he (AL @) +0:(€(D-€)) g5
0

S=—00

1 _
+(1-9) / e~ (&0)-8) g
0

t—1
= (1 _ 19) Z ﬂt—se’y,ut%(t—s)cptjt + (1 . 19) 6%72’@777520?

S=—00

where

1 ) 1 _
I, :/ o vie (A7 ) +ne (€ (D-€)) g :/ oY AG () =y (e (€5 (D)) g
0 0

Integral I; is an expectation of a product of two functions (uniformly distributed), and as A7 () is
not correlated with ({f (1) — 5) , see 1, then the expectation of the product is equal to the product

of the expectations, and we can rewrite as

1 _ 1 1
I, :/ e—wm(m(ﬁf(i)—&))dj/ oV AT (D) g — 657%?77?%2/ IRHORE
0 0 0
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Recall the budget constraint (45),

Fa ) = (47 6) e (6 0) — ©) + Xe —m®F — (14 prm) f (9)

substitute out consumption using (46)

(i) = Ry < (1= (1 + pyme) ) (A7 (2) +me (&8 (6) = €)) )
! W9\ Xy — (L+ pyme) X — (e — (1 + pyme) puepr) O3

and simplify using (51) and (50)

pe (Af (2) +ny (ft —&)) — (mpr — pus1t41) O3 >
e Bt (Xt (1 + pyme) 1) '

Take a lag and substitute this expression into the formula for I; to obtain a recursion for this

pr1 A7 (1) = (
integral,

1 _ 1
I :/ e—wtt(Af(i)+77t(5,f(i)—§)>di _ e%'ﬁu?nfaf/ L HOR
0 0
1 —
—6272“%77?%/ e_V(“t 1( §_1 () +ne— 1(§t 1(8)— 5)))
0

Ry_
ﬂ(ﬂt L

_ _ _ s
Y e (Xe—1—=(Itpyme—1)Xe—1)—(He—19t-1 /mpt)@t_l)di

2,2 2 —
_627 ﬂtmote ,‘/(Mt

1 _
o / o (e (Ar O rma (6,0-6))) g;
0

L(Xp_1— (1+P’777t71)Xt71)_(Ht—ﬂpt—l_Ht‘Pt)@ffl)

2,22

_627 “tntgt ’y(,ut (Xt 1— (1+th_1+ﬂ’77h—1)/¥z—1) (ut 1Pt—1—HtPt 5

);{(t 1— S))It_l

L(Xe1— (1+P'Y"7t—1)Xt—1)7(ﬂt—1$0t—1%*/Ltcpt%)(tflfs)>It .

1,.2,2.2 2
= e2" Mtﬁtate (“t

Note that, by definition,

t—1 1
Si=1-0) Y 9 / e -1 () gy
S=—00 0
t—1 1 ~
= (1 — 19) Z ﬁtls/ 6_7“75—1(qu(i)‘*‘ﬂt—l(5571@)—5)—%—195,1)6%
S§=—00 0
t—1 1 -
=(1-9) Z gt1-s g1 (=91-107_,) / oY1 (A1 (D+m—1(6_1()—€)) g;
s=—00 0
so that
t—1
thl — (1 _ 19) Z 19t_1_86"”“71(;%71%“_1_S)It71
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Now, isolate this term,

-1
S = (1) Z Plmsermt=s)eiy, 4 (1 — ) o3V HiN o}

S§=—00

E ( Ot s e hex(t=5)r o572 pini o}

S§=—00

(Mt L(Xio1— (1+mm—1)Xt—l)—(Mt—Wt—lﬂ—utwt%)(t—1—8)>
X e It 1
2,22

+ (1 — ) eruidrio?
t—1
= 2 MmO} (1 — ) E | gt )ertr (papr 1) (1)

S=—00

L(Xi—1— (1+mm71)?€t71))]t_1

X e ’Y(Ht

2,22

+ (1 — 9) ez Hinio?

t—1
— eariuinio} (1—19) E 95 eV (Hrprsetpe 10t -15(t—1-5))

S§=—00

L(Xio1— (1+P’Ym—1)/"ft71)>[t_1

X e ’Y(Ht

+ (1= 9) b wivied

—(1+mnt—1)Xt—1)) 9 (1— )

t
— e 3V i ol T <“t

t—1
_g— —1— 2,22
> § : Yi—s—Levm—1pr—15(t—1 S)It_1+(1—19)e27 pinio?
§=—00

to obtain the recursive relationship,

196 —YHt (
Introduce new variable Z; to obtain

By = (e BmeZio -t gs, | 41— ) et

where

Zy =Xy — (L4 pyme) Xe
ne (plog (i) + &€ — pyxGe) +dip — Ty — (1 + pyme) (Co — XGr)
=1 (plog () +&) — (1 + pyne) Co + xGi + dy —
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We can represent Z; in a different form,

4
ct + xGt — Ve (At_ 1 _19<Pt) =C

then

el
Zy =i (plog () + &) — (1 + pyme) <Ct +xGr — I (At —1- Qﬁt)) +xGi+di — Ty

use

- 9
ye = meplog (1) +m€ — mezey—g = pymece = pYxmGe + dp — Ti.
to obtain

9
Yyt + %Wﬁt + pynecy — di + Ty + nepyxGe = me (plog () + €) -

U 054
Zy =y — et + (1 + pyme) e Ae + A=) (L pyme) b5t (66)
Vg
1+ =1-
(L4 pym) pu .y
i W

Zy =y — c + (1 + pyme) ped Ay — (sepbt 10041 — 22pspt)

(1 —=9) 41 Ry
Furthermore, the aggregated budget constraint,

)
EAIH-l — A =y — ¢
using,
Z v A YA+ (14 ) A v v ( )
=5 - -5 —
t R, t+1 t PVt ) PtV At (1 — V) 1 Ry Ht+1Pt+1 U ot
L/ T (5 — ey
~ R, t+1 i1 Ry t (1—0) pe1 Re Ht+1Pt+1 Htpe
9 9 Y ¥
== (Apqg — ——— — YA — ——
R, ( t+1 (1 _19)%%+1> 1 Ry < t (1 _19)%%)
implies,

) ) Y
t L1 Re <#t+1 < t+1 (1 — ?9) %wt+1> 243 ( t 7(1 — 19) MPt)) ( )

It is apparent that if the aggregate asset holding is zero then Z; = 0 and we obtain the same

recursive formula for ¥; as reported in Acharya et al (2020).
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Using the intermediation constraint (20) we rewrite (67) as

) 9
i1 Be 2y = pig <Bt+1 - 19(1_19)%901%1) — D <Bt - (1_19)%%> (68)

Introducing another new variable

0
IC =)

then
1 BeZy = Wiy — IWy + 919041 (69)
Denote
5= (B,
then

U; = i (14 om) e 7B e)) g,

1
— (Lt apm) e S
Use (69) to rewrite (64)
2,22

Sy = (e—%Wfﬁst,l +1- 19) I Weezvuinio? (70)

This is the recursive definition of consumption inequality used in the definition of social welfare

in the paper.

F.3 Asset Distributions

The individual budget constraint can be written as

i1 (i) = lzt (UtAS (i) + Zy + vm&; Z))
(A2, (0)? = <Rt)2 vi (45 (i))? +2Ztvt/21§‘ (i) + 2¢
TN )\ v2zwmés )+ o (8 6)) + 208né 6) A3 ()
where
DM
A7 () = 20 0) 0P () = (14 0P) (1) + ™ i)
qt—1
v = (1= (14 pyne) pue)
Zy =y (plog (ve) + & — pyxGi) +dy — Ty — (1 + pym) (Co — XGy)

&(i)=¢@)—¢
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Therefore, the mean and mean square of assets of a cohort born at time s can be described

at time ¢ by

Ri_
E4(t,s) = fﬁ L (v 1B (t—1,8) + Zi_1)

R _ 2
E 42 (t,s) = < ’;9 1) (Uf_lEAz (t—1,8) +2Z; qve1Ba(t —1,8)+ Z2 | + vtz_lntz_laf_l)

Variance

4 (ts) = Bae (t,5) — (Ba (1, 5))°

R 2
= < 29 1> (UI?—IEA2 (t - ]., S) + 2Zt_]_Ut_]_EA (t - 1, S) + Zt2_1 + 'Ut2_177§_10't2_1)

R 2
— 19 (Ut—lEA (t — 1, 8) + Zt—l)

R\, 2 .2 9 RY i (4 2
=\ (Vi1 Baz (t = 1,8) + viyni107-q) — 9 (thEA (t—1,s) )

Ri 1\’
=it () - 19+t

In steady state,

R
=1
Y
and if s is an age of a cohort, then
RZ ZR
EA(S):EA(S—l)—FT:ST (71)
#a(s)’ = £a(s = 1)* +n0” = sp’o” (72)

F.4 Initial Inequality

For date 0 we have

-1
So = (1 — 9) Z §semox(=Sp0 4 (1 — ) e37V HEM o0

S=—00
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where

1 _
Io:/ o~ 7ho (A5 (D)0 (65 ()—E)) 45
0

1 _ 1
:/ e—wum(ﬁé(j)—&)dj/ o0 (A5(0)) 4;

0 0
1,.2,2.2 2 1 S(s
— e+§’7 KM% e*’YNOAo(l)dZ‘
0
1
_ oAv2usngod s 2R vuo / oo (A§()+s2E) 4

0
As(i)+s@)
L —&a(s)ypo (50 4)
1.2,2,2 2 ZR A
—e27 “0770‘706819’7“‘0/ e 4() di
0

1 ZR 1 2
— 2V B398 o575 Yo o 3 (A ()" 721G

Z
— 37’ H31308 o[~ 3P g0 ] s

where we used

A4 (s)? = —sn’o

and s is the cohort number, s < 0.

Therefore,
-1
1
S0 = (1—9) Z YseMmo(=s)eo [ 4 (1 — ) 27 K367

o5

=(1-9) E : 95 e1Hox(=8)e0 o377 HgM o] o[~ 5 0Py uE o At s 4 (1 — 0) ez H3m39%
s=

L B (1) S gsel A sals | (1 _ g) 3t

=—00

= e%’y Hgmog (1 _ 19) 196[17720272”2 YHO ZR+'yuozgoo]

M

<T96[1W20272u0 Yo ZE +w0”‘p°]> +(1-9) e37 Hgngod

@
Il
o

el3m o7 g =0 &+ 0700

= 27 HEM7E (1 — ) + (1 — ) ez im0

1 — elamo?r?ug—m0 5 +yposxpo]

1.2
e2” Lgngos

—(1-9
( ) 1 — Yelan?o®v?ug—vuo 5 +yposxpo]
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Finally

-1
So = (1 —9) Z §semox(=sp0 ) 4 (1 — ) 037V Hgm o0

1.2,,2,2,2
e27 Ho"o%

— (1-9)

1 — YelsmPo?v?ug—mo & +ypoxpo]

In the monetary case Z = =0

1
(1 —9) ez o6
2
1(Ho 252~2,,2
1—1965(7> ntoTyTH

this is the same formula as in Acharya et. al. (2022).

3o =

G Optimal Policy Under Commitment

The Lagrangian is
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L= Z gt (—1 (1+ ypme)" exp (—tyay) Sf)

1+oPM, )bF
+ZﬁtM1 —flog (BRt) + w41 + Lo 9 )Mtﬂ( (ff%i)l)ﬁl — 41941 )
§Nt+1 (1= 741) w1 — 24
" 1-— Et + )gt?t _
+ZB Mo, Vit —m (1 +7) Y™+ mn (14 mg1) Yiga

—1—25 M3,

R
(14 pyne) Ry — t>
e

+ZﬁtM4t —10g5t+ VMt (1—m)? wt+7Wt+10g(€ s, 1+1—19))

+Q—Pt Wy (1+QPtM1) by
E:tM G —1—Y,— TP | R, — m YA e
+ B* Ms + t tht t ¢ t 1+ 7m0

([
(
(e
(
((*
(

U (AR ST
+ZBM6t plog (1 ‘|‘§_%19_97351:_z:)+2ﬁtM7,t((1_Tt>wt—77t)

t=0
+ZﬁMgt< 1+m1 ~ PMR, +;6M9t w+(1-x)Gr = (1- 57 ) Y,
14 oPM) bF 9
+Zﬁ Mot <Wt—,ut<( (1+t7rt)) : —(1_19)%%))
t=0

+ > B'Mivs (R + 9pep1 — Repr) + Y B Mz (w?o® exp (20 (Y; = Y)) — wi)
t=0 t=0

and the FOCs are

oL ~ V¢ ~
1 — = ="My + Miggps—— — My Ry + B My1 19
89075 (1 — 19)
oL  ~_ (1—9) (1+ oPM) b )
2:— = Y, — _ 1—
I B 1,t—1 ( 9 (1 +7Tt) Pt Wit( Tt) Wt

R ~ )
+ M3,t/7; - B 1M3,t—1? + My (1 — 1)
t t

MY\ 1L
_M107t<(1+gPt )bE s )

(1+m) 1-0)"

.@_M (1_S)ﬁ

_ Tt
3: = Y87 — M5 —Y, Ry + M7y (1 —
o, 205 Zt B 5, P PRy + My ( Tt)
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oL -
4i 5= —poSE (L yom) "™ exp (—da)

+ M3 py Ry + Mﬁ,tnﬁ — M7+ My Ry
¢

oL 1 1
f— =M ;— + M 1 - —
o%, 1t VR + Mgy ( + Pyt Nt>

1+ oPM) L w
+ Ms, <( o ) t —I-Gt—nth}—Ttp>
t

)

(1 =+ 7Tt)
— Mg PM + My (0 — 1)

6: L _ My e 19),ut+1 (+oPi) — Ms ti(l +elihy)
by v (L4 me41) " (1 )

3 (1+oPY) - (1+oP)

M, Rii1————= — BM -~ 1z

+ M5 441 R 1 0+ ma1) BMig,t411t4+1 A+ me1)
oL - (1-19) - obf
T:—— = /A + Ms Ry — M5y — M ¢

opM <5 Li—1 ft 5088 — B 5t—1 10,¢ 14 At
— Mg Ry + B_lMS,t—l(lTQm)

oL 1 -
a5 - U vone)” exp (—iyar) €5F

e*%WHlﬁ

1 ~
— Mypo + BMap1——
(ewWHuast +1- 0)

St

oL e~ sWes,
9 L = M4,t7 1— 3 t—1
(e*sWtﬁSt_l +1- 19)

M
aw, + Mo,

oL - 1—9) (14 oPM)bt I
10 : 877% = —,8 lMl,t—l( 5 ),U't( (1 i ;rt))Q t M2,t (1 + 27rt) Y;ﬁ 1 + ﬁ 1M2,t—1 (1 + 27rt) Y;&
(1 + QPtM) bf 51 (1 + QPtM) bF
— Mty 5 + 5 MS,t—1—2
(1+m) (1+m)
~_ ].‘I—QPM 1+QPM bL
- B 1M8,t—1% + Mgﬂgq)ﬂ'tyt + MlO,tNt%
(1+m) (L+m)
OL » ¢ -
1 o, ¥ (1 +ypne)"” exp (=¢ywy) Sy — Mg + 87 My g1 — Mg ypy + My,
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l—eg+(1—s)et
12: —— = +M = (1 !
oy, =" 2,t< o e ( +m)>6

~_ w 1
+ 06 1M2,t7177t (1+m) — M5,t7t?th — Mﬁ,t;
t t

d
— My <1 — 27rt2> + 20 M2 w?c? exp (26 (Y; — Y))

oL ~ w
13a : 9 BIMy gy (1 — 1) wp — Mygy? i (1 — 1) wy — MS,t?tKERt — M7 ywy
¢ ¢
oL
13b: — = — M5 R
aTtp 5,4t

here equation 13a is for the case of labor income taxation, and equation 13b applies when there

are lump sum taxes.

G.1 Steady State

The FOCs in the steady state can be written as,

oL 5—1 Ve 5—1
1: — = — M Miopp— + M —
9or B 174+ 10M(1 — ) + My (195 R>

5 . PM bL
2-8L:ﬁ1M1<(17919) UEQJFM) —%SO—WM(I—T)zw)
R

O
~ 9
+ M3E -p 1M3E + Myy?p (1 —7)%w

1+ oPM) pL
—Mm(( + o0 ) Ve >

1+m  q1-9°
oL (1—23) 1 B
3: aiu)t = M2 P 5Y,8 M5TYR + M7 (1 7_)
oL .
4ige= —pS© (1 + ypm)" " exp (—¢pyz)

+ MszpyR + Mﬁ% — M7+ M1 R

OL 1 1
5: o= =-M— + M3 (1 - =
R, 17R+ 3( +pm #)

1+ oPM) bt
+ Ms M—I—G—TwY—Tp
(I+m)

— MgPM + My (n— )
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6. OL (1-9) (1+oPM) (14 oPM)
wf, 0 T (14w CE
(1+oPM) . (14 oP™M)

+ BMsR A+ — BMiop

oL (1)
: M
! oPM (5 T

(1+m)
— MaR+ 3 ' Mz—2
sR+ 5 8(1+7T)
oL
il | ¥ — €1
8 a5, ,Y( +vom)¥ exp (—vyx) £S
—M4%+/3M4 ¢y

(e—%Wﬂs r1- 19)

oL e WS
9: —— =Myy | 1- + Mo
oW ( (e*%WﬂS F1- 19) )
oL

- 1-9) (1+oPM)bl 1 A
1:—:—1M( —My(1+2m)Ys~! WMo (14270)Y
0 o, B 1 1t 2(1+2m)YB " +p 2 (14 2m)
(14 oPM) b* Y (1+ oP™M) "
(14 ) (14 m)?
. 1+ oPM 14 oPM) bl
— 5_1M8((1+Q)2) + My®PrY + Ml(),uu
s

5

(1+4m)?
oL =
112 g = (L yom)” exp (=pya) 8 — My + 71 My = Mopy + My
oL l—e+(1—-9)ew 1
12 — M- —7(1
oy, ~ Tk ( T m(1+m)|f
+ B ' Mym (1+7)— MstwR — Mg
o
— My (1 — 27r2> + 2¢M12w202
L ~
13a : g =B M2 (1 — 1) w — Myy*1i® (1 — 1) w — MswY R — Myw
Tt
oL
13b: — = —M5sR
oT? °
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Additionally, the system of constraints can be written as follows.

1 (1-9) (1+0oPY)d" V2.2 2
14:0=—-1 — _
0 Vog(ﬁR)Jr L p P = SN0
1-— 1-—
15:0 = €t+((1) S)ngﬁfl—77(1+7T)Yﬁ71+7r(1+7r)Y
16:0 = Jp

= + p
(w(I+pm) -1 R
1
17:0=—logS + 572u277202 + YW + log (e_%WﬁS +1- 19)

M\ 1L M\ 1L
8o [(AHeP) e g (eP)V
(1+m) (1+m)

- 0
19:0:plog(77)+§—1%_7?9—p71‘—}/
20:0=(1—-7)w—n
(1+ oP™M)

21:0= — PMR
(1+m)
o 2
22:0=z+(1—-x)G— 1—§7r Y
(1—|—QPM)bL Ve
23:0= — _
Bru=W “( itm  1-0°

24:0=Rn+Jy — Ry

H Proof of Proposition 3

When we have lump-sum taxes T} is a policy instrument, the budget constraint (29) does not
bind in the steady state, and Mz = 0 as follows from the FOC wrt 77. From the FOC wrt b%

it follows that,
(1-19)

93
then using this in the FOC wrt P we get Mg = 0 meaning that equation (33), the definition of

Mo = M (73)

bond prices, also is not a binding constraint in steady state.

Use (73) to substitute Mg into the FOC wrt to ¢, to yield M7 = 0. Then, in case of RANK
such that 0 = w = 0 we use (73) in the FOC wrt p to yield M3 = 0. While, the FOC wrt R
yields My = M9 = 0.

The FOC wrt S implies that My # 0 as the derivative of utility is never zero. Finally, the
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FOC wrt W can be written as,

oL (1—) (1 - e—%Ws)
ow, = M -
: (ewwﬁs +1- 19)
from where
S = eV

Substituting this into the evolution of S equation yields

0:—%W+7W

so that W =0, and S = 1.

The Euler equation then implies

—_

g

All other results in Proposition 3 follow trivially.
It is essential that o = 0, the result will break down otherwise. We see that the level of debt
in the steady state will be determined by the rate at which labor force participation declines with

age.

I Proof of Proposition 4

We begin by assuming B=p8= %, o = 0 so that w = 0. When then show that a Ramsey
steady-state with these features can only exist if there is no inequality, no government debt and
no retirement.

Suppose R = % then Euler equation (26) yields W = 0 and from inequality recursion (38) it
follows that S = 1.The FOC wrt b}, ; yields Mo = Ml(lﬁ_;). Use this in the FOC wrt PM to
yield Mg = 0.Substitute Myy = Ml% into the FOC wrt to ¢, to yield M1; = 0.Then, the FOC
wrt p yields M3 = 0, once we take into account the relationship between Mg and M;.

The FOC wrt S implies

1
M, — (14 pn)

= m exp (—7z)

so that My # 0.
The FOC wrt W, taking into account that S = 1, yields Mjg = 0, so that, from above,
M; =0.
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Now, consider the system of FOCs wrt 73, wy, Y3, nt, 4. This is a linear system wrt the five
Lagrange multipliers: My, Mo, Mg, My, M5. We can show that this system has a unique solution
and all these multipliers are non-zero, in general.

Specifically, FOC wrt 7 yields My = —MsY R, then FOC wrt w; yields Ms = Mg,ﬁ. The

remaining three equations are more complex, but we can substitute out Mg and Mg to arrive at,

p(n—(1-37%)) exp(—yx)S
R ((1 — 272) pynY +p (% - TU)) + 77Y>

My =

from which it is clear that, generally speaking, My # 0, and therefore Mg # 0 and Mg # 0.
Then, the FOC wrt 7y yields Mg®nY = 0, from which it must be the case that 7 = 0 in the
steady state.
The FOC wrt R; yields
oL (14 oP™M)b"
I W CIE)
(1 + QPM) bl
"R+

—l—G—TwY—Tp)

which implies b% = 0.
Finally, because W = b% = 0, then the definition of W,

W—u<(1+QPM)bL_ 19@151)%)7

(1+m) (1-—

means that this can only hold if »x =0, as ¢ = (RR%ﬂ) # 0.
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